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Longitudinal Equation of motion

® The six aircraft equations of motion (EOM) can be decoupled into two
sets of three equations. These are the three longitudinal EOM and the

three lateral directional EOM.

This 1s convenient in that it requires only three equations to be solved

simultaneously for many flight conditions.

For example, an aircraft in wings-level flight with no sideslip and a
pitching motion can be analyzed using only the longitudinal EOM

because the aircraft does not have any lateral-directional motion.
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Equilibrium and disturbed aircraft stability axes
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® The three longitudinal EOM consist of the x force, z force, and y

moment equations, namely,

m(U +QW — RV):—mg sin®+(—Dcos A+ Lsin A)+T cos ¢,
m(\/ +RU - PW)= mg sin ¢ cos ® + Fa, + Fr,
m(W +PV —QU)= mg cos¢cos O+ (—Dsin A—Lcos A)—T sin ¢

v -
Three force equation

For longitudinal equation P =R =V =0

> AFx = m(U +WQ)
Ul, =M,+M;

> AF, =m(W+QU)



Component of gravity resolved into aircraft axis

Foc=—mgsin(®) Fg=mgcos(®)

X =—mgcos(®) =¥ =-mgsin(O)
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The forces in the X direction are a function of uw,w. 8,6

Total differntiationof Fx

ok dU + ok dW + ok dW + ok OO + 6F.X B0

ou oW AW 0.0, 0.0,

Pz + AW + A+ P a0+ T

ou OW AW 0, 0,

2. 0Fx =

2 AFx =

Au = u(because of smalldisturbance)

ou OW AW 0.0, 00

2 AFx =




u,w, etc are the changes in the parameters and as the perturbations are small.

2. AFx =

OFx
ou

u—+

u=AU

Q)
OFx

0

W+

oFx .
— W+

OFx
00

6 +

8F-x 0
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multiply and divide the 1st three terms by Uo

aFX—+U05FX—+anFX w +an9+an9

ZAFX:UO . _

Uo=U

8F><£+U OFx W U OFx W+8Fx0+6|:x9

ZAFX:U _ _
ou U ow U 5WU 00 00

u , w
—=UuU —
U U

=o' =0

w
U



oFx

ZAFX:U u
ou

+U

Fx
0 oa+U
oF oF

oFx ..
o+

oW

OFx

6 +
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Y. AFx=mu=mu (%) same U on denominator and neumarotor

ZAszmU=mU(5j —=1U

ZAszmlJ =mU U

P05 s P gy e O

mUu =U




Py gy gy Frog ey O

mU u -U 0 = Fxa

Fxa = applied aerodynamics force

Divided by Sqin the above equation

mU .. U aFXU— 1 OF« 1 OF« iang_mU anez Sq

— U —— — o — o -
Sq Sq ou Sq oo Sq dor Sq 06 Sq 20

s—wing Area q= %pvz(Dynamic pressure)

an




multiply and divide the an’an , aF_X terms by %

oa 99 59

Cc —mean aerodynamic chord

EU _g@u_i(’ﬂ:xa—i 1 2U an mg (COS@)Q 1 \2U @F.xg-_an: -
Sq Sq ou Sq oo sq) ¢ 4 d sq Sq) c 06 sq
mU m Fxa
v —c u-Cc a--——C, a+3(cos®)9-—C, H=—2=C,,
Sq 2U Sq 2U sq
C, - U OFx C, - 1 oF« C,, - 1 \2U an’CXq 0 — 12U aF.x
Sq ou Sq oo ) C 5, Sqg) ¢ 06



mg

C,=—
Sq
EU C U C a——C a C (COS@)Q—LCX(}é:E:CFm
Sq 2U 2U sq
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The forces in the Z direction are a function of uw,\w, 8,8

oF: oF: oF: . OF: oF: .
u+ W+ W+ O+—0

ou oW oW o6 o0
multiply and divide the 1st three terms by U

2 AR =

an£+U oF: w U oF: W ane ane

2. AF. =U — + ——+ +—
ou U ow U owyu o060 06

S AR =U Fe 0 Py U aF_Z w19 g
ou oW oW 00 o0
_OF  OF OF oF _ da_ u W W
Note: U o ~owU " ow da oa TR T



> AFz =m(W + PV —QU)

| P=V =0
ZAFZZm(\N—QU)

=mW-&aJ) (Q=6)
. u W . W
W . —=U—=a —=a

- m(=U -gU) u U U
U

= maJ —méeU

maU —mu =U 2y Py v 85 w19 g
ou oa o 00
Divided by Sq
maoU _m«9U ~U anU_l_an v +U oF: \d+ang+aEzg-

Sq Sq ou o o 00 00



maU_mHU_U anU 1Ua|:z\ U 18Fz\a+1ane+iane

= - o+ — .
Sq Sg Sq ou Sq Oda Sq O Sq 06 Sq 06

UoF,. maU 10F.. 16F.. mJ 106F . 1 oF
—— U+ - ~ G — o — - s 6=
Sq ou Sq Sqoa Sq da Sq Sq o6 Sq 06

Fxa

_galrzm(mu 1 anJ\. 1 oF:, +E_mu 1 anjé 1 OF: ,_ Fra _o

Sqou \sq sqoa)” sqoa | sq sqo6) Sqo6 sq =
cur ™ Lo lu-c ud-mY - C e |o-cw(sine)o=F_c_,
Sqg 2U Sqg 2U Sq

UoF. . _ 120Uk, 10 . 100 10

Cu = U 72 - Va0 T ' ~zq T 5! =
' sq éu Sq ¢ da Sqoa’ “ Sq ¢ 00 Sq 60



similarly for moment about yaxis

2. AM =ﬂu +%W+ﬂ\)v+@9+ﬂ9

ou w4, 90 5,

%—I\; =0 (there i1s nochange inM due tochange in 6)

sam =y My Moy M My

we knowthat > AM = ly 6

lyo=U ﬂU +8—M‘a+ﬂ‘ d+8—M9



yo_U M, 1M 1M, 1M,

Sgc Sqc du  Sqc 54 Sqc da  Sqc 4,
After dividing by Sqc it becomes

U oM 1 oM. 1 oM. |yé 1 oM
U+ at+t——a-— 6=-C
Sgc ou Sqc dar Sqc da ch Sqc 20

Mo

U oM 1 oM. 1 oM. lyd 1 oM,
— U+ S a+ o — + 0=-C_,
ch ou ch dar Sqc da Sgc  Sqc 00
v aMU_ 1 aM‘-a_iﬂ‘aJrlye_ 1 8M9=Cma
Sqgc ou Sqc dar Sqc o Sgc  Sqc 00
C _ . lyo ¢ :
Col——Crnad—Cmaa+ 22~ Cu=C._
2U Sqc



Sq 2U Sq 2U

@—iczdj‘a—cm‘a}{(—E—icmjé—m(sm@)e}: F

Iyé C

(—CmuU) — (L Cmeax — Cma‘aj + {
2U

~—Cn |=C,_,
Sgc  2U

zZa

Sq

=C

— “Fza



TABLE 1-1 Definitions and Equations for Longhudinal Stability Derlvatives

—
Symbal Dafinition Origiry Equation Valuas
U aF, Variation of drag #Cp
C. Faw and thrust with .~ ~ 200 = U = -0.05
c 1 aF, Lift and drag e _ o
% Bo a. variations along LT +0.1
59 fa the X axis
g
o — Gravity -
* 5q
1 (2UyaF,  Downwash lag
€., E[T]ﬁ on drag Neglect
1 [2UyaF,  Efect of pitch
Cu, E(?)Eﬁ{ rate on drag Neglect
u ar, Varation of ag
Cq, 5q normal force _EL'UEL -05
with w
1 aF, Siope of the _cu‘ﬂ"—ﬂ
C., 8q 92 narmal force a da -4
curvea
mg
c, — Gravity g
Sg
1 [ 2Ly aF, Dowrwash lag ey gy 1
Cs, E{T]E on it of tai ?r](ﬁ) =1
1 [2UY\aF,  Efect of piich ac
Cey E[TJ; rate on Iif 2*‘[?‘ -2
u A« Effacts of thrust, Mo simple redation;
Com, Sqc du slipstream, and usually neglected
feibility for jets
1 A& Static longitudi- ac, \"
Crm, S0 e nal stabaity lﬂi}{ﬁ_}. -03
€ ‘_{E}“" Downwash lag o Cmde
iy Sec| ¢ | #a o amani #, |dac
c 1 j2Uy a4 Damping in . o 1k 8
T Sw{ e )?I'_ pitch (Tﬁ'— € )
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o The aircraft is flying in straight and level flight at 40,000 ft
with a velocity of 600 ft/sec (355 knots), and the
compressibility effects will be neglected. For this aircraft the
values are as follows



®=0

Mach = 0.62

m = 5800 slugs

U =600 ft /sec

S =2400sq ft

|, =2.62x10%slug ft*
=-2C, =-0.088

oC,

ox

CXU
C,=-—2+C_=0.392

C,=-—2=-C_=-0.74

dC,) (C. )y, o
czd:( - La(aaj(z)_( 1.54)(0367)(2) = ~1.13

C,, = —(8CL j_CD =-4.42-0.04 =-4.46
oa

t
C, =2K [dcm j = 2.56(~1.54)=-3.94

di, s
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Coi = (d;:im 1 (2;)% — (~1.54)(0.367)(2)(2.89) = -3.27

T ~ (~0.14)(4.42) =~0.619

C,, = zK(dc_m] U (2.56)(~154)(2.89)=-11.4

o,a C

2
q= %U = (0'00058;)(600) =105.11b/ sq ft

mU  (5800)(600)

= =13.78
Sq  (2400)(105.1) o

¢ . (202)(-1.13)
U T (2)(600)

=-0.019sec

5 Cus =(0.0168)(~3.94) = ~0.066 sec

~Cn, = (0.0168)(-3.27) = -0.062sec

%Cmq = (0.0168)(—11.4) =-0.192sec

|, (2.62x10°) )
- =0.514sec
Sgc  (2400)(105.1)(20.2)




Fxa

"y —c u +(—ide‘d—Cxa‘aj+(—iCXq9—CW(COS@)@) P ¢
Sq 2U 2U sq

(13.785+0.088) u(s)—0.392(5)+0.740(s5) = 0

cu| [ C e hic |+ |- C ¢, |o-cw(sine)e|=1==c,,
Sqg 22U Sqg 22U Sq

(1.48)u(s)+(13.785+4.46) «x(s)—13.78s0(s) =0

(—CmuU) —(L Chneor — Cma‘aj + Iy 0 — ¢ Cmqé = Cma
2U Sgc  2U

0+(0.05525 +0.619) (s) +(0.5145% +0.1925) 6(s) = 0



13.78s+0.088 —0.392 0.7460
1.48 13.78s +4.46 —-13.78s =0
0 0.0552s5+0.619 0.514s” +0.192s

97.5s* +79s° +128.9s% +0.998s +0.677 =0

Dividing by the s* coefficient
s*+0.811s° +1.32s* +0.0102s +0.00695 =0

(52 +0.00466s + 0.0053)(32 +0.806s +1.311) =0

(s° +20w,5+m,?) = (s* +0.004665 +0.0053) (s° +200,5+w?) = (s* +0.8065 +1.311)

w, = 0.073rad / sec

w,.> =1.145rad / sec
5p=0.032

0s =0.352



Thank you



